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SEMIORTHOGONAL DECOMPOSITIONS FOR TWISTED
GRASSMANNIANS
SANGHOON BAEK
Abstract. In this article, we present semiorthogonal decompositions for
twisted forms of grassmannians.
1. introduction
In [5] Orlov gave the semiorthogonal decompositions for projective, grass-
mann, and flag bundles, which generalize the full exceptional collections on
the corresponding varieties by Beilinson [1] and Kapranov [4].
In the case of projective bundles, Bernardara [2] extended the semiorthogo-
nal decomposition to the twisted forms. In this paper, we present, in a similar
way, semiorthogonal decompositions for twisted forms of grassmannians. The
proof of the main theorem uses the study ofK-theory of twisted grassmannians
by Levine-Srinivas-Weyman [6] and Panin [7].
Notation and Conventions In this paper, a partition means a nonin-
creasing sequence of numbers. Given a partition α = (αi), the conjugate of α,
written by α∗, is the partition (α∗j ), where α
∗
j = |{i |αi ≥ j}|. For a scheme
X over Y , we denote by ∆(X/Y ) the diagonal of X×Y X . We abbreviate
F ⊠ G = π∗1F ⊗ π
∗
2G for sheaves F ,G over X , where πi is the projection of
X×Y X . For a scheme X , we denoted by D(X) the bounded derived category
of coherent sheaves on X .
2. Preliminaries
In this section we recall some definitions from [3]. Let F be a field. We fix
a triangulated F -linear category T .
Given a full subcategory S of T , the (right) orthogonal complement, denoted
by S⊥, is a full subcategory whose objects are objects T in T satisfying
HomT (S, T ) = 0
for all S ∈ S.
A full triangulated subcategory S of T is (right) admissible if for any T ∈ T
there is a distinguished triangle
S → T → S⊥ → S[1]
with S ∈ S and S⊥ ∈ S⊥, i.e. T = 〈S,S⊥〉.
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Now, we consider a sequence (S1, . . . ,Sn) of admissible subcategories of T .
This sequence is called semiorthogonal if
(1) Si ⊂ S
⊥
j
for 1 ≤ i < j ≤ n. A semiorthogonal sequence (S1, . . . ,Sn) of T is called
semiorthogonal decomposition if T = 〈S1, . . . ,Sn〉.
For example, the sequence (S,S⊥) for an admissible full triangulated sub-
category S gives a semiorthogonal decomposition of T . By definition, any
generating sequence (S1, . . . ,Sn) of full subcategories of T satisfying (1) is a
semiorthogonal decomposition of T .
3. Twisted Grassmannians
Let X be a Noetherian scheme of characteristic 0 and let A be a sheaf of
Azumaya algebras of rank n2 over X . For an integer 1 ≤ k < n, a twisted
grassmannian p : Gr(k,A ) → X is defined by the representable functor from
the category Schemes/X of schemes over X to the category of Sets of sets given
by (Y
φ
→ X) 7→ the set of sheaves of left ideals I of φ∗A such that φ∗A /I
is a locally free OY -modules of rank n(n− k).
There is an e´tale covering i : U → X and a locally free sheaf E of rank n
over U with the following pullback diagram
Gr(k, End(E ))
j
//
q

Gr(k,A )
p

U
i
// X,
where Gr(k, End(E )) is naturally isomorphic to Gr(k, E ).
Consider the tautological exact sequence of sheaves on Gr(k, E )
0→ R → q∗E → T → 0,
where rank(R) = k. For a partition α = (α1, · · · , αk) with 0 ≤ αi ≤ n − k,
we denoted by Sα the Schur functor for α. We define S(α) to be the full
subcategory of D(Gr(k,A )) generated by M in D(Gr(k,A )) satisfying
M |Gr(k,E )≃ q
∗
N ⊗ SαR,
for some N ∈ D(U).
Lemma 3.1. Let α, α′ be two distinct partitions with 0 ≤ αi, α
′
i ≤ n − k and
let M ∈ S(α) and M ′ ∈ S(α′). Then RHom(M ,M ′) = 0.
Proof. Let M |Gr(k,E )≃ q
∗N ⊗ SαR and M ′|Gr(k,E )≃ q
∗N ′ ⊗ Sα
′
R.
By the Littlewood-Richardson rule, the partition β of an irreducible sum-
mand SβR of Hom(SαR, Sα
′
R) is of the form (β1, · · · , βk) with −(n− k) ≤
βi ≤ n − k. Hence, by the Borel-Bott-Weil theorem as in [4, Lemma 3.2] we
have
(2) Rq∗(Hom(S
α
R, Sα
′
R)) = 0.
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It is enough to show the result locally. By the adjoint property of Rq∗ and
q∗, projection formula, and (2), we have
RHom(M |Gr(k,E ),M
′|Gr(k,E )) = RHom(q
∗
N , q∗N ′ ⊗Hom(SαR, Sα
′
R))
= RHom(N , Rq∗(q
∗
N
′ ⊗Hom(SαR, Sα
′
R)))
= RHom(N ,N ′ ⊗Rq∗(Hom(S
α
R, Sα
′
R)))
= 0. 
Theorem 3.2. Let (S(α) |α = (α1, · · · , αk), 0 ≤ αi ≤ n− k) be a sequence of
the full subcategories of D(Gr(k,A )) by the lexicographical order on α. Then
this sequence gives a semiorthogonal decomposition of D(Gr(k,A )).
Proof. By Lemma 3.1, it suffices to show that (S(α)) generates D(Gr(k,A )).
Following [6] or [7], there exist sheaves Fα of right A
|α|-modules and sheaves
Gα∗ of left A
|α|-modules such that
j∗Fα ≃ S
α
R ⊗ q∗((E ∗)⊗|α|), j∗Gα∗ ≃ q
∗(E ⊗|α|)⊗ Sα
∗
T
∗.
Moreover, the sequence R ⊠T ∗ → OGr(k,E )×Gr(k,E ) → O∆(Gr(k,E )/U) → 0 de-
scends to the sequence F(1) ⊠ G(1) → OGr(k,A )×Gr(k,A ) → O∆(Gr(k,A )/X) → 0.
Hence, we have the Koszul resolution:
0→ Λk(n−k)(F(1) ⊠ G(1))→ Λ
k(n−k)−1(F(1) ⊠ G(1))→ · · ·
· · · → F(1) ⊠ G(1) → OGr(k,A )×XGr(k,A ) → O∆(Gr(k,A )/X) → 0.
Therefore, as Λm(F(1) ⊠ G(1)) =
⊕
|α|=m Fα ⊠ Gα∗ for 1 ≤ m ≤ k(n− k), the
sheaf of ideals of the diagonal embedding O∆(Gr(k,A )/X) is in the subcategory
〈π∗1Fα ⊗ π
∗
2Gα∗ | 0 ≤ |α| ≤ k(n− k)〉
ofD(Gr(k,A )×Gr(k,A )). By the projection formula, for anyM ∈ D(Gr(k,A ))
we have M = R(π1)∗(π
∗
2M ⊗O∆(Gr(k,A )/X)).
To finish the proof, it is enough to verify that
R(π1)∗
(
π∗2M ⊗ (π
∗
1Fα ⊗ π
∗
1Gα∗)
)
∈ S(α) :
since we have R(π1)∗
(
π∗2M ⊗ (π
∗
1Fα⊗π
∗
1Gα∗)
)
= R(π1)∗
(
π∗2(M ⊗Gα∗)
)
⊗Fα,
this is isomorphic to
q∗
(
Rq∗(M ⊗ S
α∗
T )
)
⊗ SαR over Gr(k, E ). 
Let 1 ≤ k1 < · · · < km < n be a sequence of integers. Given a sheaf of
Azumaya algebras A of rank n2 over X , we denote by Fl(k1, · · · , km,A ) the
functor defined by (Y
φ
→ X) 7→ the set of sheaves of left ideals I1 ⊂ · · · ⊂ Im
of φ∗A such that φ∗A /Ii is a locally free OY -modules of rank n(n− ki).
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As in the grassmannian case, we have an e´tale covering i : U → X and a
locally free sheaf E of rank n over U with the following pullback diagram
Fl(k1, · · · , km, End(E ))
j
//
q

Fl(k1, · · · , km,A )
p

U
i
// X,
where Fl(k1, · · · , km, End(E )) is identified with Fl(k1, · · · , km, E ). We have the
tautological flags
R1 →֒ · · · →֒ Rm →֒ q
∗
E ։ T1 ։ · · ·։ Tm,
where rank(Ri) = ki and rank(Ti) = n− ki.
Let α(1), · · · , α(m− 1), α(m) be partitions of the forms
(α1, · · · , αk1), · · · , (α1, · · · , αkm−1), (α1, · · · , αkm)
with 0 ≤ αi ≤ k2− k1, · · · , 0 ≤ αi ≤ km− km−1, 0 ≤ αi ≤ n− km, respectively.
For 1 ≤ i ≤ m, we define S(α(1), · · · , α(m)) to be the full subcategory of
D(Fl(k1, · · · , km,A )) generated by M in D(Fl(k1, · · · , km,A )) satisfying
M |Fl(k1,··· ,km,E )≃ q
∗
N ⊗ Sα(1)R1 ⊗ · · · ⊗ S
α(m)
Rm,
for some N ∈ D(U).
Corollary 3.3. Let 1 ≤ k1 < · · · < km < n be a sequence of integers and let
(S(α(1), · · · , α(m)) | all partitions of the form α(i), 1 ≤ i ≤ m) be a sequence
of the full subcategories of D(Fl(k1, · · · , km,A )) in lexicographical order. Then
this gives a semiorthogonal decomposition of D(Fl(k1, · · · , km,A )).
Proof. We shall prove by induction on m. The case m = 1 follows from
Theorem 3.2. Assume that the result holds for m− 1. There are projections
Fl(k1, · · · , km, E )
qm
−→ · · ·
q2
−→ Fl(km, E )
q1
−→ U
and
Fl(k1, · · · , km,A )
pm
−→ · · ·
p2
−→ Fl(km,A )
p1
−→ X.
Let R ′2 ⊂ (q1◦· · ·◦qm−1)
∗E be the tautological subsheaf over Fl(k2, · · · , km, E )
and let A ′ be the sheaf of Azumaya algebra over Fl(k2, · · · , km,A ) from
End(R ′2) by descent. Then, we have Fl(k1, · · · , km, E ) = GrFl(k2,··· ,km,E )(k1,R
′
2)
and Fl(k1, · · · , km,A ) = GrFl(k2,··· ,km,A )(k1,A
′). Now the result follows from
the proofs of Lemma 3.1 and Theorem 3.2. 
References
[1] A. A. Be˘ılinson, Coherent sheaves on Pn and problems in linear algebra, Funktsional.
Anal. i Prilozhen. 12 (1978), 68–69.
[2] M. Bernardara, A semiorthogonal decomposition for Brauer-Severi schemes, Math.
Nachr. 282 (2009), 1406–1413.
[3] A. Bondal, Representations of associative algebras and coherent sheaves, Izv. Akad.
Nauk SSSR Ser. Mat. 53 (1989), 25–44 (Russian); English transl. in Math. USSR Izv.
34 (1990), 23–42.
SEMIORTHOGONAL DECOMPOSITIONS FOR TWISTED GRASSMANNIANS 5
[4] M. Kapranov,On the derived category of coherent sheaves on some homogeneous spaces,
Invent. Math. 92 (1988), 479–508.
[5] D. Orlov, Projective bundles, monoidal transformations, and derived categories of co-
herent sheaves, Izv. Akad. Nauk SSSR Ser.Mat. 56 (1992), 852–862 (Russian); English
transl. in Math. USSR Izv. 38 (1993), 133–141.
[6] M. Levine, V. Srinivas, and J. Weyman, K-theory of twisted Grassmannians, K-Theory
3 (1989), 99–121.
[7] I. A. Panin, Algebraic K-theory of Grassmannian manifolds and their twisted forms,
Funktsional. Anal. i Prilozhen. 23 (1989), 71–72 (Russian); English transl. in Funct.
Anal. Appl. 23, 143–144.
E-mail address : baek.sanghoon@gmail.com
